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A tunnel barrier in a degenerate electron gas was recently discovered as a source of entangled electron- 
hole pairs. Here, we investigate the loss of entanglement by dephasing. We calculate both the maximal 
violation fmax of the Bell inequality and the degree of entanglement (concurrence) C. If the initially 
maximally entangled electron-hole pair is in a Bell state, then the Bell inequality is violated for arbitrary 



strong dephasing. The same relation fmax = 2\/l + then holds as in the absence of dephasing. 
More generally, for a maximally entangled superposition of Bell states, the Bell inequality is satisfied 
■ for a finite dephasing strength and the entanglement vanishes for somewhat stronger (but still finite) 

dephasing strength. There is then no one-to-one relation between fmax and C. 
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1. Introduction 



1^ I The production and detection of entangled particles is the essence of quantum information processing [1] . 

. In optics, this is well-established with polarization-entangled photon pairs, but in the solid state it remains 
' an experimental challenge. There exist several theoretical proposals for the production and detection of 
entangled electrons [2, 3]. These theoretical works address mainly pure states. The purpose of this article is 
to investigate what happens if the state is mixed. Some aspects of this problem were also considered in Refs. 
[4, 5, 6]. We go a bit further by comparing violation of the Bell inequality to the degree of entanglement of 
the mixed state. 

The Bell inequality is a test for the existence of nonclassical correlations in a state shared by two spatially 
separated observers [7] . It is called an entanglement "witness" , because violation of the inequality implies 
that the state is quantum mechanically entangled — but not the other way around [8]. More precisely, 
while all entangled pure states violate the Bell inequality, there exist mixed states which are entangled 
and nevertheless satisfy the inequality [9] . A mixed state can arise either because of the interaction with 
an environment (proper mixture) or because the detector does not differentiate among certain degrees of 
freedom of the entangled pure state (improper mixture) . Generically, the loss of purity of a state is associated 
with a decrease in the degree of entanglement (although this is not necessarily so). 

Applications of these general notions typically involve polarization-entangled photon pairs [10]. The 
transition from pure to mixed states, and the associated degradation of entanglement, can be avoided quite 
effectively in that context — even if the photons interact strongly with matter degrees of freedom. For 
a dramatic demonstration, see a recent experiment [11] and theory [12] on plasmon-assisted entanglement 
transfer. In essence, this robustness of photon entanglement is a manifestation of the fact that linear optics 
is an excellent approximation even if the medium in which the photons propagate is strongly scattering and 
absorbing. 



1 



VAN VELSEN, KINDERMANN, BEENAKKER 



The entanglement scheme that wc will analyze here, proposed in Rof. [6], involves the Landau level index 
of an electron and hole quasiparticle. The scheme differs from earlier proposals in that the entanglement 
is produced by a single-electron Hamiltonian, without requiring Coulomb interaction or the superconductor 
pairing interaction. We consider one specific mechanism for the loss of purity, namely interaction with the 
environment. We model this interaction phenomenologically by introducing phase factors in the scattering 
matrix and subsequently averaging over these phases. A more microscopic treatment (for example along the 
lines of a recent paper [13]) is not attempted here. The mixed state created by this averaging is a proper 
mixture. An improper mixture would result from energy averaging. We assume that the applied voltage is 
sufficiently small that we can neglect energy averaging. Experimentally, both energy and phase averaging 
may play a role [14]. 



2. Description of the edge state entangler 

In Fig. 1 we illustrate the method to produce and detect entangled edge states in the quantum Hall effect 
[6] . The thick black lines indicate the boundaries of a two-dimensional electron gas. A strong perpendicular 
magnetic field B ensures that the transport near the Fermi level Ep takes place in two edge channels, 
extended along a pair of equipotentials (thin solid and dashed lines, with arrows that give the direction 
of propagation). A split gate electrode (shaded rectangles at the center) divides the conductor into two 
halves, coupled by tunneling through a narrow opening (dashed arrow, scattering matrix S). If a voltage 
V is applied between the two halves, then there is a narrow energy range < e < eV above Ep in which 
the edge channels are predominantly filled in the left half (solid lines) and predominantly empty in the right 
half (dashed lines). 
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Figure 1. Schematic drawing of the edge state entangler. Taken from Ref. [6]. 

Tunneling events introduce filled states in the right half [black dots, creation operator bl{s)] and empty 
states in the left half [open circles, creation operator c|(£)]. These are quasiparticle excitations of the vacuum 
state |0)£, corresponding to empty states in the left half and filled states in the right half. To leading order 
in the tunneling probability the wavefunction is given by 

\^) = l[{M^)e + VT^\0)e), (1) 

|$). = «;-V2 5^cl(£)7i,-6t(,)|0)e, (2) 

j = ayrayt^, w = TtjjK (3) 
The matrix 7 is given in terms of a Pauli matrix, 

= ( 1 ) = = ( i j = ""2' = ( -1 ) = ^^3, (4) 
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and the reflection and transmission matrices r,t. (These are 2x2 submatrices of S.) The state Y^) is 
a superposition of the vacuum state |0) and the entangled particle-hole state |$). Terms containing two 
particles or two holes are of higher order in the tunneling probability and can be neglected. We also assume 
that the applied voltage is sufficiently small that the energy dependence of the scattering matrix need not 
be taken into account. 

Dephasing is introduced phenomenologically through random phase shifts [tpi) accumulated in channel 
i at the left (right) of the tunnel barrier. The reflection and transmission matrices transform as 

Ml \ / e*'^! \ 

e*"^^ 1 ro, i -> ( ^ ^i^, 1 to. (5) 

By averaging over the phase shifts, with distribution P((/)i, (/)2, V'l) V'2), the pure state (1) is converted into 
a mixed state. Projecting out the vacuum contribution (which does not contribute to current fluctuations), 
we obtain for this mixed state the 4x4 density matrix 

PiiM = ^Tr77t)' 

where (• • •) denotes the average over the phases. The degree of entanglement is quantified by the concurrence 
C, given by [15] 

C = max{o,v/Ar- V^- yX^- V^}. (7) 

The Ai's are the eigenvalues of the matrix product p-{ay®<7y)- p* ■ {ay(^ay), in the order Ai > A2 > A3 > A4. 
The concurrence ranges from (no entanglement) to 1 (maximal entanglement). 

The entanglement of the particle- hole excitations is detected by the violation of the Bell-CHSH (Clauser- 
Horne-Shimony-Holt) inequality [16, 17]. This requires two gate electrodes to locally mix the edge channels 
(scattering matrices Ul, Un) and two pairs of contacts 1,2 to separately measure the current fluctuations 
6lL,i and Sla^i (i = 1,2) in each transmitted and reflected edge channel. In the tunneling regime the Bell 
inequality can be formulated in terms of the low-frequency noise correlator [5] 

/oo 
dtSlLAtWRjiO)- (8) 
-00 

At low temperatures {kT <C eV) the correlator has the general expression [18] 



Cij{UL,UR) = -{e^V/h) 



(9) 



We again introduce the random phase shifts into r and t and average the correlator. The Bell-CHSH 

parameter is 

£ = \E{Ul, Ur) + E{Ul Ur) + E{Ul, U'r) - E{Ul U'r)\, (10) 
where E{U, V) is related to the average correlators {Cij{U, V)) by 

^ _ {Cll + C22 — C12 — C21) ^^^-^ 
(Cll + C22 + C12 + C21) 

The state is entangled if f > 2 for some set of 2 x 2 unitary matrices Ul,Ur,U'i^,U'j^. If £ — 2V2 the 
entanglement is maximal. 



3. Calculation of the mixed-state entanglement 

We simplify the problem by assuming that the two transmission eigenvalues (eigenvalues of tt^) are 
identical: Ti = T2 = T. In the absence of dephasing the electron and hole then form a maximally entangled 
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pair. The transmission matrix to = T^/^y and reflection matrix rg = (1 — T^/'^V' in this case are equal to 
a scalar times a unitary matrix V, V' . Any 2x2 unitary matrix Q, can be parameterized by 



e-'" J \ -sin^ cos^ / V *^ '^""^ /' 

in terms of four real parameters a, /?, 0, ^. The angle ^ governs the extent to which mixes the degrees of 
freedom (no mixing for ^ = 0, 7r/2, complete mixing for ^ = 7r/4). 

If we set Cl = cTyV'cjyV'^ we obtain for the matrix 7 of Eq. (3) the parametrization 



/Wr^\( A ( cose sinC \ / e'^-+'0 

^-e e*"^!-- J 1^ -sine cos^ j V « ^''^'"''^ 

In the same parametrization, the matrix rt^ which appears in Eq. (9) takes the form 



(13) 



e''^2+*« y \^ -siii^ cos^ ) \ e-*'^=+''5 ^ ' 

with e*^ = DetF'. We have used the identity V'V^ = {Det V'){ayV'ayV'^)* to relate the parametrization 
of rt^ to that of 7. Note that 

Tr 77^ =2r(l- T) =Tr r^t^r^ (15) 

independent of the phase shifts and tpi. 

To average the phase factors we assume that the phase shifts at the left and the right of the tunnel 
barrier are independent, so P(^i,02, V'i)V'2) = Pl{(I>i,(I>2)Pr{'4>i,4>2)- The complex dephasing parameters 
r]L and r]R are defined by 

VL= J #1 J d^2PL{<t>iA2)e"^'-"^\ VR = J d^i J dV2Pii(Vi,^2)e''^^-'^^ (16) 

The density matrix (6) of the mixed particle-hole state has, in the parametrization (13), the elements 
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/ cos^e r^i^cos^sin^ — Ty^cos^sin^ VlVr^os^ \ 

jy^cos^sin^ sin^ ^ — sin^ ^ ry^cos^sin^ 

— Tyicos^sin^ —ffLfjBjAv?^, sin^ ^ — ry/j cos^sin^ 

\ VlVrCOS^ ^ TyLCOS^sin^ — ry^cos^sin^ cos^ ^ / 



(17) 



We have defined fjL = rj^e fjft, = rjne"^^^. The concurrence C, calculated from Eq. (7), has a complicated 
expression. For |?7l| = |ryij| = ?y it simplifies to 



(18) 



C = maxjo, -i(l - 7y2) + ^^167?^ + 2(1 - ri'^)'^{l + cos4o| • 

Notice that C = r/^ for ^ = 0. 

For the Bell inequality we first note that the ratio of correlators (11) can be written as 

E{Ul, Ur) = (Tr Ula^U^rt'^Ula^U^tr^). (19) 

We parameterize 

^L^z^L = n-L,xO-x + nL,vcry + nL,z<^z = nL-a, (20) 

^R^^zUji = nR^^aa; + UR^yGy + HR^zaz = nR-a, (21) 

in terms of two unit vectors nL,nR. Substituting the parametrization (14), Eq. (19) takes the form 

E{Ui.,Ur) = -TV ( '^^"^ ) ( ) ( !^«'^ '^^"^ ) ( ) , (22) 

\ 1^, Hj 2 V ^Li'L -nL,z J V -sm^ cosC / V -^R<z J \ sm^ cos^ J ' ^ ^ 
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where we have abbreviated vl = n^^x + in^ y, = nn^x + i^n^y. 
Comparing Eqs. (17) and (22), we see that 

E{Ul, Ur) = Trp (fiL • {ur ■ a) . (23) 

(The transpose appears because of the transformation from electron to hole operators at the left of the 
barrier.) This is an explicit demonstration that the noise correlator (11) measures the density matrix (6) of 
the projected electron-hole state — without the vacuum contribution. 

The maximal value ^max of the Bell-CHSH parameter (10) for an arbitrary mixed state was analyzed in 
Rcfs. [19, 20]. For a pure state with concurrence C one has simply Enmx = 2\/l + [21]. For a mixed state 
there is no one-to-one relation between fmax and C. Depending on the density matrix, fmax can take on 
values between 2C\/2 and 2\/T+C^. The general formula 

fmax = 2Vm1 + U2 (24) 

for the dependence of f max on p involves the two largest eigenvalues Ui, U2 of the real symmetric 3x3 matrix 
E?-R constructed from Rki = TrpcTfe (8) ct(. For our density matrix (17) we find from Eq. (24) a simple 
expression if |?7i:,| = |?7i{| = jj. It reads 

fmax = V2\/(l+r?2)2 + (l-7?2)2cOS4e. (25) 



4. Discussion 

The result f^ax = 2{l + r]^y^^ which follows from Eq. (25) for ^ = was found in Ref. [5] in a somewhat 
different context. This corresponds to the case that the two edge channels are not mixed at the tunnel 
barrier. The Bell-CHSH inequality fmax < 2 is then violated for arbitrarily strong dephasing. This is not 
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Figure 2. Relation between the maximal violation fmax of the Bell-CHSH inequality and the concurrence C calculated 
from Eqs. (18) and (25) for mixing parameters ^ = (triangles, no mixing) and ^ = j (squares, complete mixing). 
The dephasing parameter 77 decreeises from 1 (upper right corner, no dephasing) to (lower left, complete dephasing) 
with steps of 0.05. The dotted line is the relation between fmax and C for a pure state, which is also the largest 
possible value of fmax for given C. 
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true in the more general case ^ 7^ 0, when fmax drops below 2 at a finite value of 77. 

In Fig. 2 we compare fmax and C for ^ — (no mixing) and ^ = f (complete mixing). For ^ = the 
same relation fmax = 2-\/l + between fmax and C holds as for pure states (dotted curve). Violation of the 
Bell inequality is then equivalent to entanglement. For ^ 7^ there exist entangled states (C > 0) without 
violation of the Bell inequality (fmax < 2). Violation of the Bell inequality is then a sufficient but not a 
necessary condition for entanglement. We define two characteristic dephasing parameters rjs and rjc by the 
smallest values such that 

£max > 2 for 77>77£, C>0 for 77 > 77c. (26) 

The number rjs is the dephasing parameter below which Bell's inequality cannot be violated; The dephasing 
parameter r]c gives the border between entanglement and no entanglement. Prom Eqs. (18) and (25) we 
obtain 

/s - cos4£ - 2V2V3^^cos4£ 1-1 + cos4£ + J2~2 cos4£ 

^'^ = V T^^^ ' ^' = V ^^^^ ■ ^ ^ 

The two dephasing parameters are plotted in Fig. 3. The inequality r]s > rjc reflects the fact that fmax is 
an entanglement witness. 
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Figure 3. The Bell-CHSH inequality is violated for dephasing parameters r) > rje, while entanglement is preserved 
for rj > rjc- The shaded region indicates dephasing and mixing parameters for which there is entanglement without 
violation of the Bell-CHSH inequality. 

In conclusion, we have shown that the extent to which dephasing prevents the Bell inequality from 
detecting entanglement depends on the mixing of the degrees of freedom at the tunnel barrier. No mixing 
(^ = 0) means that the maximally entangled electron-hole pair produced by the tunnel barrier is in one of 
the two Bell states 

\^Pa) = ^i\n) + enm, |^„) = _L(|n) + e-|U)). (28) 

(In our case the Landau level index i = 1, 2 replaces the spin index ti i-) Then there is finite entanglement 
and finite violation of the Bell inequality for arbitrarily strong dephasing [5] , and moreover there is the same 
one-to-one relation between degree of entanglement and violation of the Bell inequality as for pure states. 
All this no longer holds for non-zero mixing (^ 7^ 0), when the maximally entangled electron- hole pair is in 
a superposition of |<?!)a) and Then the entanglement disappears for a finite dephasing strength and the 

Bell inequality is no longer capable of unambiguously detecting entanglement. 
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